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In this paper we show that a (non-abelian) free pro-p group cannot be obtained
as a closed subgroup of GLnF, where F is a non-archimedean local field and n
is arbitrary. Using a theorem of E. I. Zel’manov we deduce some group theoretic
properties of linear pro-p groups over a local field. Our main tool is a recent
theorem by Pink characterizing compact subgroups of GLnF. © 1999 Academic Press
1. INTRODUCTION
In a remarkable recent paper [P], Pink has shown that to a large extent,
the study of a compact linear group over a local field can be reduced to the
case of an open subgroup of the group of rational points of an algebraic
group. (Throughout this paper, “local field” will mean the field of fractions
of a complete discrete valuation ring with finite residue field.) As an ap-
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plication of Pink’s theorem (stated in Section 2), we prove as our main
result:
Theorem 1.1. A (non-abelian) free pro-p group cannot be embedded as
a closed subgroup in GLnF, where F is a local field.
This establishes part (1) of Conjecture 3.8 of [LSh] for the case of a
discrete valuation ring 3. We should emphasize it does not imply part (2)
of the conjecture, even in the case of discrete valuation rings, in spite of the
fact that, according to a result of Zubkov [Zu], the full conjecture follows
from part (1) for general 3. Note that Zubkov proves the full conjecture
for p 6= 2 and n = 2. (For p = 2 and n = 2 it is also true according to
Zel’manov.)
A number of consequences flow from Theorem 1.1. The first depends
on Zel’manov’s result [Ze], that a pro-p group presented by a small set
of relators contains a (non-abelian) free pro-p subgroup. For the exact
definition of a small set of relators see [Ze]. The best known examples of
pro-p groups G with small sets of relators are groups admitting a pro-p
presentation with d = dG generators and r relators where r < d2/4.
It is known that if a pro-p group G has a presentation with n generators
and r relators then G has presentation with dG generators and r − n−
dG relators (see [Lu, Lemma 1.1]). Combining this fact and Theorem
1.1, we immediately deduce:
Corollary 1.2. Let G be a finitely generated pro-p subgroup of GLnF,
where F is a local field, and dG = d > 1. If G has presentation of k
generators and r relators, then r ≥ k+ d2/4− d.
The next corollary then follows from (the proof of) [W, Corollary A]:
Corollary 1.3. Let G be a finitely presented pro-p subgroup of GLnF.
Then
(i) there is a constant k such that dH ≤ kG x H1/2 for each open
subgroup H of G, and
(ii) if N is any (closed) normal subgroup of G such that G/N ∼= p,
then N is finitely generated.
Together with Lemma 4.1 of [LSh] this implies the following, where
akG denotes the number of subgroups of index k in a group G:
Corollary 1.4. Let G be a finitely presented pro-p subgroup of GLnF.
Then for any k, akG ≤ pck1/2 for some constant c depending on G.
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2. ON SUBGROUPS OF GLnF
Corollary 0.5 of [P] states:
Theorem 2.1. Consider a local field F , a positive integer n, and a compact
subgroup 0 ⊂ GLnF. There exist closed normal subgroups 03 ⊂ 02 ⊂ 01 of
0 such that
(1) 0/01 is finite.
(2) 01/02 is abelian of finite exponent.
(3) There exist a local field E of the same characteristic and the same
residue characteristic as F , a connected adjoint group H over E, with universal
covering pi: H˜ → H, and an open compact subgroup 1 ⊂ H˜E, such that
02/03 is isomorphic to pi1 as topological groups.
(4) 03 is a solvable subgroup of derived length no more then n.
To deduce Theorem 1.1, we use the following lemma:
Lemma 2.2. Let M be a Zariski-closed subgroup of GLnE, where E is
a local field of characteristic p 6= 0, and let 1 be an open pro-p subgroup of
M . If 1 contains an element of infinite order then it contains an abelian pro-p
subgroup of infinite rank.
Proof. The hypothesis implies that 1 contains a closed subgroup  iso-
morphic to p. Let X denote the Zariski-closure of  in M . Since  is an
abelian group, X is a commutative algebraic group. By [Ma, I 2.5.2], XE
is an E-analytic group. It follows from [Se, p. 116] that XE contains an
open 3-standard subgroup Y , where 3 is the ring of integers in E.
On the one hand, Y ∩ 1 is a compact abelian pro-p group containing
p, and on the other an open subgroup of Y . By [LSh, Corollary 2.8] this
implies that Y ∩ 1 has infinite rank.
Proof of Theorem 1.1. The case charF = 0 is known because p-adic
analytic pro-p groups have finite rank, and free pro-p groups have infi-
nite rank (see [DDMS] for background on p-adic analytic pro-p groups).
Hence we may assume that charF > 0. Let 0 denote a closed subgroup of
GLnF which is non-abelian free pro-p. It is well known that every closed
subgroup of a free pro-p group is again free pro-p [Shatz, Chap. 3, Sect. 3,
Corollary 3]. A non-abelian free pro-p group is never solvable, so an ele-
ment of 0 that normalizes a closed abelian subgroup must centralize that
subgroup. Thus the only closed normal solvable subgroup of 0 is the trivial
group.
Applying Theorem 2.1, we conclude first that 01 is non-abelian free pro-
p, next, that 02 is non-abelian free pro-p, and finally, that 03 = 1. Thus,
02/03 is a non-abelian free pro-p subgroup isomorphic to pi1, where 1 is
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an open subgroup of ME for some algebraic group over a local field E of
characteristic p. By Lemma 2.2, 1 contains an abelian pro-p subgroup of
infinite rank, so the same is true of pi1, which is absurd since an abelian
pro-p group of infinite rank is not free pro-p.
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